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OGEMA A
Al. XeMda 116, n Tpdn KOLKId r@

A2,  Xelida 128. Zmu@@ﬁmwcm apECOG LETA TO 8 0@

A3.

A% 1oyvpopog eivor Yevdr l

"Exovpe v npotaom: kovo f(4)evog Slootpotog 4 Hécw Hog cuveyovg
Ko un otafepng @ ne f elvai Srdotnpo.
Av 1 f etvan 0@1&8 10 f(R)eivar covoro e €va povo otoryeio

(Lovocvolro).

Av dev givon otabepr) tote 10 f (R)eivon Sidotpa.

AMG 0 R =(—00,0)U(0,+00) Sev givar covodo pe éva ototyeio obte Sidopa,

AL EVOOT SLOGTULATWV.
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OEMA B

B1l. IlIpénet kot apkei: e —1>0. H tehevtaia givor dtadoyikd icodvvaun,
e >lo e >’ o x-1>0x>1.Apa, 4=(1,+=).

["a to svvoro TindV Bewpodpe v eicwon @

y:f(x)<:>y=1n(e)H —1)<:>e)H —l=e¢' e =1+ey(1)

Enedn 1+e” > 0,1 (1) £xet Moon yio kabe y e R,
(1)@x—l=ln(1+ey)c>x:ln(1+ey)+l(2)

Enedn x >1 mpénet In(1+¢e”)+1>1mov 1oyvel yio Kébe y e R.
Apa, f(4)=R. X

Ynueimon: o 6vvoro TIUdV Ba propovce v;ﬁ&sﬁ ue  Pondeta g

LOVOTOVIOG KOl TV OVTIGTOLY OV opioay:

B2. H ovvapmon f eivan napaywyi@us %

f(x)= 1 (eH —l)' =° 0,x € A. Zvpumepaivoope Ot

x—1

x—1
e -1
yvnoing avéovoa emopEvmg kot "1—1" cuvenmg owncsrp@Ané ) oyéon

(2) &yovpe: Q =

f_l(x):ln(l&, eR. : \@

Inpeioon: dytnra 6Tin fetvar "1-1" 0 %8 va omoderyfet pe
BonBfewr T 1GLLOV.

B3. %@gu vrapyel p € RT€T010¢ GQQX/V(In(eP1 —1)) =p’—p+1(1).

edn yvopilovpe otu £ ( £(x))=x,x e 4,

=5 (7)) =0
ea @

B4. f_l(x):ln(l+ ,xeR.

H f eivar ouveyng oto [-11], wg GOpoiopa tov cuveydv ln(l + e") (ohvBeon

/)—/)2—p+1:>(/)—1)2 =0= p=1,4t0m0 51011

TV cuvey®V Inx,1+e") kot 1(otabdepn).
H f givon mapayoyioyun oto (—1,1) opoing og GOpoicpa mopayomyioipmy pe

~_xe(-L1).

(£ (@) =(im(1+e)+1) ==
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Ioybovv ot povmobécelg Tov Oewpfipatog Méong Twurg oto ddotnua[-1,1].

Yrapyet évag tovAdyiotové e (—1,1)tétoto dote:

(7 )' (€)= A (1)1_+J;1 ) < l—i; = ln(l+e)+1_21n(l+e_ )-1 & @

| \\
5 1n(1+e)—ln(l+ej S e o . Q
= = -

1+¢éf 2 1+ 2 l+& 2
20 =l+ef e =1 E=0.
OEMAT

Ii. f’(x)=2x+2—2|nx—2=2(x—|nx)>o,yta x§0 ,apa n f etvan yvncto)g Vo0,

apod Inx<x-— 1<x To ISXSM‘ ™mg
N\ . g

ouvaptnong g(x)=x-Inx.
YPOPIKNG TAPACTAOT] TN Y x)=Inx. %
Enetdf f(1)=0, av x @ fx)> f()=0 @
Q< 1 givon f(x)<f(1)=0 \w
% \a
< X' +2x—2xInx—3>2x -3 @

f(x)
Inx>0 < x-2Inx>0 %
: POVLE TN GLVAPTNON r(x)= @,wo

@ r'(x) = 1——:— ,Xx>0
IMa x<2 , gtvar r'( %a n r givon yvnoimg eBivovoa oto (0,2]

ou dpam r givar yvnoimg avEovoa 6To [2,+m)

on r ot1o onueio 2 mapovoldlel oOAMkO EAAYIGTO TO
-In2)>0 Kot &po r(x)>0

B. Oswpovpe 10 D=[1,+x)

Enedn| lim (2x—3) =+, eivor ko lim f(x)=+c0

X—>+00 X—>400

TA OEMATA ITPOOPIZONTAI I'TA AITOKAEIXTIKH XPHXH THYX ®PONTIETHPIAKHY MONAAAX XEAIAA: 3 AIIO 7




E . OMOZXIIONAIA EKITAIAEYTIKQN ®PONTIETQN EAAAAOX (O.E.®.E.) - ETANAAHIITIKA @EMATA

EL" ENANAAHIITIKA ©EMATA 2020 E 3.MA300(a)

B" ®AXH

‘Etot f (D):[f(l), lim f(x))=[0,+oo) KOl ENEWON TO 2020 € f(D) TPOPAVAOS LITAPYEL

X, Kol LAALoTO LOVAOIKOG, ooV 1 f elvan "1-1", dote f(x,)=2020

I'3. 'Eoto 1o onpeio M, (x,,f(x,)) @
)

H epoamtopevn g ¢, oto M, eivan n evbeia (g):y—f(x,)=f'(x

Emedn 6éhovpe va diépyetat and to onueio A(0,-2) n& ot aprel
2In

-2—f(x,)=—x,f(x,) < —2—(x02+2x0—2xolnxo—3)=—x X, =
X2 —2x, +1=0 & (x,-1) =0 = x, =1

Ondte, TPOKELTOL Y10L TNV EQATTOUEVN (g):y cro onueio M, (1,0)
% €

(o]

I'4. Eneon oto (1,+0) elvar f(x)>0 Ko

tvor f(x)<0 TEMKA swmzﬂa{\)Zo,
v k@Be x e(0,1)U(L,+x) . Apa Ka uxcsmuaw (0,1) xou (1, +%
A@ob ovalntovpe TG mOp sg OLVOPTNCES F OV OTOLOVV TN
oedopévn oyéomn avtég Ba KOT ovaykn kot cvveyeic. Qg ems, M F
dwtnpel otabepd npoc o€ kaBe &va amd avTa.
Amo F(x)=f*(x) oT LN FX)=—f(x) N F(x)=f(x) @

KOl 6TO (1,40) % F(x) =—f(x) N F(x)="f(x) w
Ondte % v
AE f v 0<x<1_f CE () = —f )@2<x<1 ¢
0)= av x>1 () M Fbx)= %\ﬂ? x>1 =)
- 1

f(x) av O0<x<1 , v O<x<l1

R 0= URA
—f(x) av x> f(x)” av x>1
1 F kot F, etvan mopoymyd

Opmg, n ovvatnon F glvon mapaywyiown

apov Iim( = lim (szf'm:z
x—1" x—1 Xx—1
Kol lim (L = lim — =—lim (M):_f'(l):—z
x—1+ * 1 x—1 Xx—1

Evtelog 6pota kataAyovpe 0TL koM F, 6t0 1 dgv lval mapoymyioun.
Omndrte, vapyovv axpiPdg V0 TOPAYOYICIUEG GTO A GUVAPTNGELS F

o1 omoieg pdMmota givor Ko avtifetec.
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OEMA A
Al.
A’ 1pdmog
[Ma kabe xe R, dpa kot Yo x=0 6mov ¥peloTEl, YOV UE:
(x))=2¢"=

LX) = () =2e" = f'x)+ [1(x) = f1(0) = f(x)=2e" = (f'(x)+ f(x))'— (&
LX)+ () = (f )+ f() =€ 2" = e (f1(x)+ f(x) '+ (e** X
(e (S +f(x)'=(2x)' = e (f'(x) + f(x)) =2x +c,

yox=0etvar e ’(f'(0)+ f(0))=2-0+c=>12-1)=c=c=1.

Apa e (f'(xX)+ f(x))=2x+1= ee "(f(x)+f(x)) e@e (f'(x)+ f(x)) =2xe™" +e** =
e f(x)+(e) f(x)=x(e™) +x'e” = e f(x) xe& x)=xe™ +¢

yax=0eivar €’ f(0)=0-&"" +c, = 1(-1)= cl:>cl

J)=2=

Apa e f(x)=xe —1= e e f(x)=e " (xe™* x)=xe" —e”

B’ tpdmog % %
) ) = ewotel, EYove: %W

[Ma kdBe xe R , dpa kot yro x=0 6

f'"(x)— f(x)=2¢" :>f"(x)+f f(x)=2e" = e" f"(x)+ e f'(x)—e" f(x)=2"" =
(e "(0)+(e") (%)) - ) f(x) =2¢" = (" f ()~ @ =)=

(e'f ') =€ () [(x)—e f(x)=€" +c

Lo x=0¢lvar e f 0)=e"+c=>1-2-1-(- 1)_1v :2
Apo ef'(x)@§) oy C S )= (€)' f(X) ¢ f(x)

f(jc) +¢.  Twax=0c¢iva @%s —l=-1+¢, = ¢ =0.
E@% SO xf<jc O
e’ ;e Es

=1+2e > =(x—€e)'=

A2.
2x
Exovue f(x)=xe* —e " etxe"+e  =(x+De'+e =(x+1)e" +— ! %f“
e’ e
Oewpodue ™ ocvvdpt h(x)= (x+1)e* +1,n omoia givor mapayoyicun oto R g
ovvheon Kol pdEerg TopAyOyIcILOV 010 R cvvaptioewv, e

h'(x)=e™* +2e™ (x+1)=(2x+3)e’*. Xtov mivaka 7ov akolovOel @aiveroar 1
ouumEPLPOPE TNG cuvdptnong h wg Tpog ) povotovia Kot To aKPOTATO.
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X -0 —i + o0
2
- 0 +

==

™™ oler 7 @
N

H ocvvdptmon h mapovoidlel oAkd eldyioto ot Béon x= —% mv

o3 3_
()2 s L2, A

2 2 2e 2e
Enopévoc h(x)>0 yio k40e xe R, ondte ( ) N 10 kéBe xe R .

>0 N &
Apa n ovvdptnon f eivan yvnoiwg ou')Z;ouca 610 Lenopévag 1-1 oto R.
H ovvapmon f eivar cvveyng oto R o¢ oyiown oe avtd. Emopévag eivar
ocvveyng kat oto [0,1]. @ %\/

\‘
Eniong éyovpue f(O)f(l)Z—l(e—lJ:%&O . Apa 1oyvovv ot mpoi %@ TOV
" %

Bewpnpatog Bolzano \\
v v ovvaptnon f oto [0, ], eropévag vrdpyet tovkaxww% €(0,1) térorog

wote f(p)=0. N\
‘Etot 1 e€icmon f(x)=0 €xer’ua tovAdyiotov pila oto Kol 6to Rm omoia
elvar Ko 1 povodkn 0 nf eivan 1-1 ot0 R. %

H ovvapm tvar mopayoyioun oto R o mpdéelg mapayoyicywov oto R

GLVOPTY]
g'(x)= De* —e ™ =xe" —e" = f(x) @0 A2, yvopiCovpe 01t n f yvnoing

avZov 0 R pe povadikn pila p ugaﬁv 0won 1
"Ey: Y Ka0e x,x, ue x, <p< )< f(p)< f(x,)= fix)<0< f(x,). Ano

0L TPOTYOVEVO, TPOKDTTEL O APUKATO TIVOKAC LELETNS TNS GLVAPTNONC &

X —00 0 p 1
+o0 W

g'=f - 0 +

g ™~ O0OA.&)L —v

210 dSdonua (—oo, p] M g elvar yvnoiong ebivovca dpa 1-1. Zvvendg n Tpopavig pila
x=0 &ivatl n Lovad1K” 6To S1IGTNLA AVTO.

g r90
Eniong éxovpe 0<p = g(p)<g(0)= g(p)<0 (1).
[Moapatnpodue eniong 6tL g(1)=e' >0 (2).
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H ocvvdpmmon g eivar cvveyng oto R g moapaywyiowun oe avtd. Emopévmg eivar
ocvoveyng kotr oto [p,l1].Emiong, amd (1),(2) eivon g(p) g(1)<0. Apa woydovv ot
npobmobéoelg Tov Bewpruatog Bolzano yi v ovvéptnon g oto [p,1], emopévmg
VTLAPYEL TOLAAYIGTOV EVOG X, € (p,1) TéTO10¢ ote g( x, )=0.

‘Eto1 n e€icmon g(x)=0 éyer wo tovidyotov piCa oto (p,1) dpa K(XNU +00) M
omoia givar kat n povadichy apod 1 g givar 1-1 610 [p,+0), ©G 4@ HEovca o€
avt0. Tehkd Aowov n e&iomon g(x)=0, eKkT0¢ TG TPOPaVOVS pi 0, €xel axpiPag
pio oKoOpa TN X=X, .

&

A’ 1pdmog

A@o¥ 1o onueio M xwveiton eni ™ KoapmOANG T x) onAadn eml ™C YPOPIKNG
TAPACTOOTG TNG CLVAPTNONG g, 1 TETUYUEV VOPTNGEL TOV YPOVOL t Y

sec dtveton amd T oyéon “ %

N tote O mpémer y'(¢,) = —2

yO=gx(t)= y'(1)=g'(x(t) x'(t), >0 (1
WS

Av gtvan £, >0 1 {nTodpevn YPOVIKT]
H (1) yw t=¢, yiveton y'(t,)=g'(x(t

(t,) Ko oeov X (t)=2 uov/se YU aOs t>0,
gyovpe @
43
—2 pov/sec=g'(x(t, ))2 u(@ (x(t )) = =
5 Wmof)uwo Ba copPet

= fixt,)=-1 = £(0) :> x(t,)=0 . Emopév

otav 10 M ¢Bdc 801] ue teTunuevn 0. Aeov %6 ™ 0€om pe teTunpévn -
2 KO 1) TETUNLLE €l puOud petafoing 2 pov/s doel otn B€om mov mpénel o
1 secand T g kivnong, oniadn ¢, =1 sec:

Me ypn %uﬁohcuoﬁ Leibniz: N

il oty t=7, elval &
d t dt

d B @dx
t=t, x=xy=x(tg) dt

B’ 1pomoc %

x'"()=2=02t)' = x(t)=2t+c %l apoy’ x(0)=—-2 = c =-2. Emouévacg sivar x(t)=2t -2, t=>0

1=t,

Tote etvon y(¢) = g(x(2)) 21D 4 o202

= y'(t)=...=2(e"(

Tn ypovu otrypn t =¢,
s

=212, -2)=2f(0)= f(2t,—-2) = f(0) = 2t,—2=0=>1, =1sec.

)=y =21(2-2)
tvon y'(t,)=21(2t,-2)=-2
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